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Abstract
We study the effects of vacuum energy perturbations on the evolution of the dark matter growth
rate in a decomposed Chaplygin gas model with interacting dark matter and vacuum energy.
We consider two different cases: (i) geodesic dark matter with homogeneous vacuum, and (ii) a
covariant ansatz for vacuum density perturbations. In the latter case, we show that the vacuum
perturbations are very tiny as compared to dark matter perturbations on sub-horizon scales. In
spite of that, depending on the value of the Chaplygin gas parameter α, vacuum perturbations
suppress or enhance the dark matter growth rate as compared to the geodesic model.
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I. INTRODUCTION
The recent accelerated expansion of the universe detected by the precision measurements
of type Ia supernovae [1–3], anisotropies in the cosmic microwave background radiation [4–7]
and baryon acoustic oscillations [8, 9] indicates that about 96% of the total energy of our
universe is in the form of unknown dark fluid components, namely, dark energy [10] and dark
matter, and the remaining components are in the form of baryonic matter and radiation.
The clustering dark matter with zero pressure (cold dark matter) is concentrated in the lo-
cal structures and plays crucial role for forming galaxies and clusters of galaxies while dark
energy possesses a negative pressure that drives the recent accelerated expansion. The sim-
plest model to describe dark energy is to associate it with a constant vacuum energy density
ρV characterised by the equation of state parameter w = −1, equivalent to a cosmological
constant in Einstein gravity [11–13]. The cosmological model that incorporates a constant
vacuum energy plus cold dark matter is known as ΛCDM . Despite its relative success when
tested against the most precise observations, one of its problems is the large discrepancy
between the current vacuum energy density, ρV ∼ 10−29g/cm3, and the theoretical value
predicted by quantum field theories [13].
Among of many alternatives to circumvent the problem of the cosmological constant we
can consider the generalised Chaplygin gas (gCg), a unified dark sector whose equation of
state is given by [14–18]
p = − A
ρα
, (1)
where A is a constant, ρ is the energy density and α is a free parameter. This gCg interpo-
lates between a cold dark matter dominating at early times and a dark energy component
dominating at late times. However, due to a non-zero adiabatic sound speed, the per-
turbations exhibit strong instabilities and oscillations affecting radically the matter power
spectrum, unless the parameter α does not differ too much from zero. An alternative to
avoid this problem is to include a non-adiabatic pressure contribution in order to make the
effective sound speed vanish [19]. Another possibility is to split the gCg fluid into two in-
teracting components, a pressuless cold dark matter with energy density ρm and a vacuum
term with equation of state pV = −ρV [20–22]. In this way, the sound speed comes only
from the vacuum energy perturbations, that need to be zero or negligible as compared to
matter perturbations.
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The above condition is reached if we assume that dark matter follows geodesics, with
energy transfer proportional to its 4-velocity, which implies that vacuum is homogeneous in
the comoving-synchronous gauge [23, 24]. However, due to the dynamical nature of vacuum,
it is important to consider the possibility of inhomogeneities in its energy density and verify
explicitly if their fluctuations are in fact negligible at sub-horizon scales. This was done in a
model equivalent to the generalised Chaplygin gas with α =-1/2 [25], but here we generalise
the analysis for any value of α.
In this work we are interested to explore the impact of vacuum energy fluctuations on
the evolution of the dark matter growth rate in a decomposed gCg model with interacting
dark matter and vacuum energy. For the sake of simplicity, we neglect the contributions of
the baryonic and radiation components. Under the assumption of a covariant ansatz for the
vacuum energy density variation, we are able to compute the energy-momentum transfer
up to first order using a gauge invariant perturbative approach. A scale-dependent second
order differential equation for the dark matter density contrast is obtained, which allows us
to follow the evolution of the linear dark matter growth rate, defined by
f =
δ˙m
Hδρm
. (2)
This paper is organised as follows. In section II we present the background evolution of the
decomposed gCg model. In section III we perform a perturbative analysis of the evolution
of the dark matter growth rate sourced by vacuum energy perturbations. A comparison
is then made with the case of a homogeneous vacuum energy. In section IV we present
our conclusions. Throughout this work, we assume the dimensionless density parameter of
dark matter as Ωm0 = 0.3. For the particular case α = −1/2 we use the concordance value
Ωm0 = 0.45 [26].
II. DECOMPOSED CHAPLYGIN GAS
In this section we present the background evolution of the decomposed gCg model as our
interacting model. For this aim, consider the Friedmann equations in a spatially flat FLRW
space-time,
3H2 = ρ, (3)
ρ˙+ 3H(ρ+ p) = 0, (4)
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where we are fixing 8piG = c = 1, H is the Hubble parameter and a dot means derivative
with respect to the cosmological time. Using the pressure (1) into the conservation equation
(4) we can obtain the integrated solution for the energy density of the fluid,
ρ =
[
A+
B
a3(1+α)
]−(1+α)
, (5)
where B is a constant of integration. Here, the present value a0 of the scale factor was
taken to be unity. This solution interpolates a matter dominated universe with standard
solution ρ ∝ a−3 (a 1), which allows for structure formation, and a cosmological constant
ρ = A−(1+α) in the late epoch (a 1), leading to the cosmic acceleration. So the gCg model
can be thought as a mixed of both dark energy and dark matter. For α = 0 the solution is
the same as the ΛCDM model.
Let us split this fluid into two components, namely, cold dark matter with pressure pm = 0
and a vacuum-type term with equation of state pV = −ρV . Hence, the decomposition implies
that
ρ = ρm + ρV , (6)
ρV =
A
ρα
. (7)
With the help of equations (3), (1) and (7) we are able to obtain the vacuum energy density
ρV = ρV 0
(
H
H0
)−2α
. (8)
It is straighforward to obtain the Hubble parameter and matter density, respectively
H = H0
[
1− Ωm0 + Ωm0
a3(1+α)
] 1
2(1+α)
, (9)
ρm = 3H
2 − 3H2(1+α)0 (1− Ωm0)H−2α, (10)
with
A = ρV 0(3H
2
0 )
α, (11)
B = (3H20 )
(1+α)
(
1− ρV 0
3H20
)
, (12)
ΩV 0 =
ρV 0
3H20
, Ωm0 =
ρm0
3H20
, (13)
where a subindex 0 indicates the present value of the corresponding quantities.
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It is possible to put the conservation equation (4) in the form
ρ˙m + 3Hρm = Q, (14)
ρ˙V = −Q, (15)
where the energy transfer between the components is given by
Q = 6αH0(1− Ωm0)
(
H
H0
)−(2α+1)
H˙. (16)
The sign of Q depends on the sign of the gCg parameter α, since H˙ < 0. If Q > 0 the
vacuum energy decays into cold dark matter, and in the opposite case cold dark matter
decays into vacuum energy. Therefore, we see that, for α < 0, the vacuum energy density
decays along the expansion, while dark matter is created in the process, whereas for α > 0
dark matter is annihilated. An interesting particular case is given by α = −1/2. In this
case, the vacuum energy density decays linearly with H, while dark matter is created at
a constant rate. On the other hand, for α = 0 we re-obtain the standard model with a
cosmological constant and conserved matter.
III. THE SOURCE TERM
We can explicitly write the source term Q in a covariant manner for a perfect fluid
described by two interacting dark components. For this purpose, let us assume a covariant
form for the vacuum energy density (8),
ρV = ρV 0
(
Θ
3H0
)−2α
, (17)
where we use the scalar expansion Θ = uµ;µ with u
µ being the four velocity of the fluid. In
the background universe the scalar expansion is Θ = 3H.
The energy-momentum conservation equations for each component are given by
T νµm ;µ = Q
ν , (18)
T νµV ;µ = −Qν , (19)
where
T µνA = ρAu
µuν + pAh
µν (20)
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is the energy-momentum tensor of each component, hµν = gµν +uµuν is the projector tensor
and Qµ is the energy-momentum transfer between dark matter and vacuum. The latter can
be decomposed parallel and perpendicularly to the four velocity uµ as
Qµ = uµQ+ Q¯µ, (21)
with Q = −uµQµ, Q¯µ = hµνQν , uµQ¯µ = 0 and uµuµ = −1.
Projecting equations (18) and (19) parallel and perpendicularly to uµ, we find the energy
conservation equations
ρm,µu
µ + Θρm = −uµQµ, (22)
ρV,µu
µ = uµQ
µ, (23)
and the momentum conservation equations
ρmu
µ
;νu
ν = Q¯µ, (24)
ρV,νh
νµ = −Q¯µ. (25)
Using the ansatz (17) in the last equation, we find explicitly the covariant energy source
term
Q =
2
3
α(1− Ωm0)(3H0)2(α+1)Θ−(2α+1)Θ,µuµ. (26)
We complete our system of equations with the Raychaudhuri equation
Θ,µu
µ = −1
3
Θ2 − (uµ;νuν);µ +
1
2
(ρm − 2ρV ), (27)
where we have neglected the shear and vorticity contributions. In the comoving frame,
where the components of the four-velocity are u0 = −1, u0 = 1 and ui = 0 = ui, one has
Q¯µ = 0, which shows that there is no momentum transfer in the homogeneous and isotropic
background.
A. Basic equations
Now let us focus our attention to linear perturbations around a spatially flat FLRW
universe. Let us start with the most general line element for scalar perturbations,
ds2 = −(1 + 2φ)dt2 + 2a2B,idtdxi + a2[(1 + 2ψ)δij + 2E,ijdxidxj]. (28)
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The dark fluid velocity potencial v can be defined by perturbing the four velocity uµ = gµνu
ν ,
which results in
δuj = a
2δuj + a2Bj = v,j, (29)
assuming that v is irrotational. We postulate that it coincides with the cold dark matter
velocity potential vm, since we cannot properly define the four velocity for the vacuum
component. The time component of the perturbed four-velocity is related to the perturbed
metric through
δu0 = δu
0 = −φ. (30)
The next step is to obtain the conservation equations for each interacting dark component.
In order to provide a set of basic equations to calculate the matter density perturbation
δm = δρm/ρm, we start by considering the equations for the vacuum. The perturbation of
the momentum equation (25) yields, in the comoving gauge, the result
∂iδpcV = −∂iδρcV = −δQ¯i. (31)
So, a non-zero momentum transfer δQ¯i is related to the presence of vacuum perturbations.
Here the gauge invariant scalar quantities that characterise perturbations on comoving hy-
persurfaces were introduced,
δAc = δA+ A˙v. (32)
The perturbation of equation (23) allows us to compute the energy transfer between the
dark components,
δQc = ρ˙V (v˙ + φ)− δρ˙cV . (33)
For the dark matter component, the energy balance (22) and the momentum balance
(24) can be written, up to first order, respectively as
δ˙cm +
Q
ρm
δcm + δΘ
c =
δQc
ρm
+
(
Q
ρm
− 3H
)
(v˙ + φ), (34)
(v˙ + φ),j =
δQ¯cj
ρm
. (35)
The latter shows that, if the momentum transfer δQ¯cj is non zero, the dark matter particles
are forced to deviate from their geodesic motions. This means that the evolution of the
matter perturbation δcm should be affected by the background evolution and the source
terms owing to vacuum inhomogeneities.
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To complete our system of equations, the Raychaudhuri equation for the expansion is
obtained from the perturbation of (27),
δΘ˙c +
2
3
ΘδΘc +
1
2
ρmδ
c
m = δρ
c
V +
(∇2
a2
+ Θ˙
)
(v˙ + φ). (36)
For investigating the possibility of non-zero vacuum perturbations δρcV and how they affect
structure formation [7], we need now to specify a precise form for the energy and momentum
transfer.
B. Geodesic model
Firstly, we assume that the energy transfer between the dark components follows the
dark matter velocity, Qµ = Quµ. In this case the momentum transfer Q¯µ is zero at the
background and perturbative levels, which implies that the dynamical vacuum is homoge-
neous, with δρcV = 0 according to (31). Consequently, dark matter particles follow geodesics
in a comoving frame. Furthermore, there is no energy transfer at first order, as we can
see from (35) and (33). So, the basic equations that describe the dynamics of the matter
perturbations and scalar expansion are given by (34) and (36) in the absence of source terms,
δ˙cm +
Q
ρm
δcm + δΘ
c = 0, (37)
δΘ˙c +
2
3
ΘδΘc +
1
2
ρmδ
c
m = 0. (38)
These equations are the same obtained in the synchronous comoving gauge [8], and a simpler
second order differential equation for the density contrast can be found. To do that, we
differentiate the continuity equation (37) with respect to time and eliminate δΘc and δΘ˙c
by using (37) and (38), to obtain
δ¨cm +
[
Q
ρm
+ 2H
]
δ˙cm +
[
d
dt
(
Q
ρm
)
+ 2H
Q
ρm
− 1
2
ρm
]
δcm = 0. (39)
The function Q/ρm is the rate of homogeneous creation/annihilation of dark matter. For
the standard Λ CDM model (α = 0 ) this quantity is zero and dark matter is independently
conserved. For those interacting models in which Q/ρm > 0, corresponding to values of
α < 0, we have energy exchange from vacuum to dark matter and dark matter is created.
In the case Q/ρm < 0, corresponding to α > 0, we have energy flux from dark matter to
vacuum and dark matter is annihilated.
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FIG. 1: Dark matter density contrast and growth rate for the ΛCDM model (black) and for
interacting models as indicated. We have used the best fit value Ωm = 0.45 for the model with
α = −0.5. For all the other models we have used Ωm = 0.3.
We are interested in computing the evolution of the linear growth rate f defined by (2),
in order to illustrate how the creation/annihilation of dark matter can affect LSS data, for
instance the redshift space distortions caused by the peculiar velocities of galaxies. These
peculiar velocities distort the observed redshift maps, introducing an anisotropy in the clus-
tering of galaxies in redshift space. Since the matter distribution determines the velocity, we
can use this effect as a way to probe the linear growth rate f and, in this way, differentiate
between homogeneous and inhomogeneous vacuum energy.
To obtain the evolution of f we need to solve the second order equation (39) by fixing
the same initial amplitude δm(zi) for all models at zi = 1000 noting that in the matter
dominated era we have the standard value f(zi) = 1, since the dark matter contrast is
proportional to the scale factor, δm ∝ a.
In Fig. 1 the evolution of both dark matter contrast and growth rate are depicted
for the ΛCDM model (α = 0) and for five interacting models corresponding to α =
0.1, 0.2,−0.1,−0.2,−0.5. We see that, when compared with the ΛCDM model, both δcm
and f are suppressed for models with α < 0 due to the homogeneous creation of dark
matter, while are enhanced for the models with α > 0.
C. Inhomogeneous vacuum model
An alternative choice is to explicitly consider inhomogeneities in the vacuum, since ne-
glecting them may lead to false interpretations of the observations [27]. The natural manner
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for calculating the energy-momentum transfer at the perturbative level is to assume the
covariant ansatz (17) for the vacuum energy density, such that the perturbation of this
quantity up to first order is related to the scalar expansion through the expression
δρcV =
2Q
3ρm
δΘc. (40)
This is our basic assumption. The relation above, together with the equation of state for
vacuum, can be used into (31) to obtain the right-hand side of the momentum equation
(35), given by
δQ¯j = δρ
c
V ,j. (41)
Perturbing (26) and using the Raychaudhuri equation (36) and the relations above, it is
possible to write the energy transfer function in the Fourier space as
δQc
ρm
=
Q
3ρm
δcm +
[
2H − 2Q
3ρm
+
2QH2
3ρ2m
(
k
aH
)2
− (2α + 1)ρm
2H
]
δρcΛ
ρm
, (42)
where k is the comoving wave number. The scale dependence that appears in the third term
into the brackets is due to the momentum transfer between the dark components, owing to
the presence of vacuum perturbations. The amplitude of these perturbations compared to
the dark matter perturbations can be evaluated by using (34) together with (35), (41) and
(42), leading to
δρcΛ
δρcm
= − 2Q
3ρ2mK
[
Hf +
2Q
3ρm
]
. (43)
Here we have defined the scale dependent function
K(a, k) = 1− 2Q
3ρ2m
[
A−H − (2α + 1)ρm
2H
]
, (44)
where
A(a, k) =
Q
3ρm
+
2QH2
3ρ2m
(
k
aH
)2
. (45)
The Raychaudhuri equation (36) can be written as
δΘ˙
c
= −1
2
ρmδm − 2HδΘc −
[
H2
ρm
(
k
aH
)2
+
1
2
]
δρcΛ. (46)
Now we can differentiate (43), eliminate δΘ˙c through the perturbed Raychaudhuri equation
(46) and δΘc through (43) and (40), to obtain a second order differential equation for the
evolution of the dark matter contrast,
δ¨cm+
[
2Q
3ρm
+2H+
(
A− K˙
K
)]
δ˙cm+
[
d
dt
(
2Q
3ρm
)
+2H
(
2Q
3ρm
)
− 1
2
ρmK+
2Q
3ρm
(
A− K˙
K
)]
δcm = 0.
(47)
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FIG. 2: Relative difference between the dark matter contrasts for the scale k=0.2 and for the scale
k=0.01, as a function of the redshift for different values of the gCg parameter.
The above equation is central result of the present paper. We see that differences arises
as compared to the homogeneous vacuum model (39), namely, a reduction by a factor 2/3
in the creation/annihilation rate and a change in the evolution of the dark matter contrast
through the scale-dependent function K. Furthermore, a new function A − K˙
K
appears in
the coefficients of δ˙m and δm. The standard ΛCDM model is recovered if we choose α = 0.
To estimate the importance of vacuum energy perturbations relative to dark matter as
given by expression (43), we start by looking for their values in the deeper matter dominated
phase (z  1). Since H  Q/ρm at high redshifts, from (44) we have K ≈ 1, and hence
the density contrast is proportional to the scale factor, δm ∝ a, resulting in the standard
growth rate f = 1. So, the expression (43) assumes the scale-independent form
δρcΛ
δρcm
≈ 2Q
3ρm
Ω
− 1
2(1+α)
m0 z
−3/2. (48)
This ratio is very tiny and depends essentially on the interaction rate and the present value of
the dark matter density. For comparison purposes, if we assume the model with α = −0.5
and Ωm0 = 0.45, corresponding to a constant interaction rate, we found
δρcΛ
δρcm
∼ 10−5 at
zi = 1000. On the other hand, at the same redshift, for α = −0.1 and Ωm0 = 0.3 we have
δρcΛ
δρcm
∼ 10−9.
At late times the vacuum perturbations depend on the scale. The observational data of
the linear power spectrum lie in the comoving wave number range 0.01 Mpc−1 < k < 0.2
Mpc−1. In this range, taking the gCg parameter in the interval −0.5 ≤ α ≤ 0.5, we find the
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FIG. 3: Dark matter contrast (left panel) and growth rate (right panel) for the following models:
α = −0.5 (red), α = −0.2 (yellow), α = −0.1 (green), α = 0.1 (blue) and α = 0.2 (gray). For all
models we have used Ωm = 0.3. Solid curves correspond to the geodesic model and dotted curves
to inhomogeneous vacuum.
ratio between the vacuum and dark matter perturbations at z = 0 in the interval
10−6 <
δρcΛ
δρcm
< 10−4, (49)
where the upper value corresponds to k = 0.01, and the lower value to k = 0.2. Therefore,
vacuum perturbations are strongly suppressed inside the Hubble horizon respect to dark
matter perturbations for the class of interacting models considered here. The smaller the
scale, the stronger the suppression.
These results are shown in Fig. 2, where we plot the ratio between dark matter pertur-
bations for the scale k=0.2 and for the scale k=0.01 as a function of the redshift, which is
less than 0.4% for |α| < 0.5. This allows us to state that vacuum perturbations are actually
negligible on scales relevant for cosmic structure formation. Therefore, we can assume a
perfectly homogeneous dynamical vacuum as a good approximation, such that dark matter
follows geodesics. But we must verify the effects of vacuum perturbations on the evolution
of the dark matter growth rate f as compared to the homogeneous model.
Fig. 3 shows the dark matter density contrast and growth rate when we use the geodesic
model (solid curves) or the inhomogeneous vacuum model (dotted curves). The differences
increase for large values of |α|. We see that vacuum perturbations yield an enhancement
in the curves as compared to the geodesic model for α = −0.1,−0.2, and a suppression for
α = 0.1, 0.2. For the case α = −0.5, corresponding to dark matter creation at constant rate,
a large suppression appears in the dark matter growth rate. Therefore, the correction terms
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introduced in equation (47) by the vacuum inhomogeneities should be taken into account
when we analyse the growth rate evolution.
IV. CONCLUSIONS
In this work we investigated the evolution of dark matter perturbations in the context of
an interacting dark sector corresponding to a decomposed Chaplygin gas model. We have
considered two distinct models for the covariant energy-momentum transfer. In the first,
geodesic model the energy transfer follows the dark matter 4-velocity. In this simplest case
the momentum transfer is zero, which implies a homogeneous vacuum energy. We recover
the scale-independent second order differential equation for the density contrast, showing
that, compared to the ΛCDM cosmology, the growth rate is suppressed for α < 0 due to the
homogeneous creation of dark matter, and enhanced when α > 0.
In the second model, the momentum transfer is determined by the gradient of the vacuum
perturbations, which is proportional to the scalar expansion, δρcV ∝ δΘc. The dynamics in
this case is reduced to a single scale-dependent second order equation. We are able to
evaluate the size of vacuum energy perturbations compared with the dark matter ones,
determining the evolution of the growth rate for diverse gCg background solutions. The
vacuum perturbations show to be negligible on scales inside the horizon, which implies that
the density contrast of dark matter can be treated as scale-independent as is the case of
the geodesic model. However, the vacuum perturbations affect the evolution of the growth
rate as compared to the geodesic model, in a way that depends on the sign and value of
α. We then conclude that different perturbative models for the energy-momentum transfer
may lead to different evolutions of the growth rate.
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